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Abstract
In this paper it is shown that the G

q,q
n−q,n−q -II system gives the Gauss–Codazzi–

Ricci equations of a class of flat time-like n-submanifolds with index q in
S2n−1

2q (1), where G
q,q
n−q,n−q = O(2n − 2q, 2q)/O(n − q, q) × O(n − q, q)

and 0 < q < n. Moreover, we construct a dressing action on the G
q,q
n−q,n−q-

system space of solutions of the G
q,q
n−q,n−q-system which gives rise to Bäcklund

transformations for flat time-like n-submanifolds with index q in S2n−1
2q (1).

PACS numbers: 02.30.Ik, 02.30.Jr, 02.70.Hm, 02.40.−k
Mathematics Subject Classification: 53A05, 35Q51

1. Introduction

The classical Bäcklund transformation (BT) describes the transformation between surfaces
with constant negative curvature in Euclidean space E3 [1, 2]. With the development of
integrable theory, the BT has become an important method of finding new solutions of partial
differential equations. At the same time, many authors have presented some geometric
generalizations. In [2], Chern and Terng introduced W-congruence and discussed BT between
affine minimal surfaces in affine geometry. In [3–5], Tenenblat and Terng considered the
generalization in high-dimensional space forms N2n−1(c) and obtained the generalized sine-
Gordon and wave equation. On the other hand, the pseudo-Riemannian geometry has been
a subject of wide interest [7]. In Lorentzian space forms N3

1 (c), the generalization was
considered in [8–12]. In [13], we have obtained BTs for Lorentzian n-submanifolds in
N2n−1

1 (c). The aim of this paper is to study the BT for flat time-like n-submanifolds with
index q in S2n−1

2q (1) by using the G
q,q
n−q,n−q -system (see below) for 0 < q < n, where

G
q,q
n−q,n−q = O(2n− 2q, 2q)/O(n− q, q)×O(n− q, q). This paper is organized as follows:

firstly we discuss the relation between the G
q,q
n−q,n−q-system and a class of flat time-like

n-submanifolds with index q in S2n−1
2q (1). Afterwards we construct a dressing action on the

space of solutions of the G
q,q
n−q,n−q-system. Finally, it is shown that the dressing action gives

rise to BTs for flat time-like n-submanifolds with index q in S2n−1
2q (1).
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2. Flat time-like submanifolds in S2n−1
2q (1) associated with G

q,q
n−q,n−q-system

Recently Terng et al [16, 17], Ferus and Pedit [18] established a beautiful relation between
integrable system and submanifold geometry. They found that the submanifolds in a certain
symmetric space whose Gauss–Codazzi–Ricci equations are given by a nonlinear first-order
system, the U/K-system, which is putting the n first flows of ZS-AKNS together. This means
finding submanifolds M in a certain symmetric space whose Gauss–Codazzi–Ricci equations
are equivalent to the U/K-system. The direct approach may provide ways of finding Lax
pairs for submanifolds M. Terng et al [16, 17] carried out the project for the real Grassmannian
manifolds of space-like m-dimensional linear subspaces in Rm+n and in Rm+n,1. To be self-
contained, below we give a short review of some known facts about the G

q,q
n−q,n−q -system, see

[16, 17] for details. Let

U = o(2n − 2q, 2q) =
{
X ∈ gl(n + n)|Xt

(
J 0
0 J

)
+

(
J 0
0 J

)
X = 0

}

and σ∗ : U → U be an involution defined by σ∗(X) = Ĩ−1
n,nXĨ n,n, where J = Ĩ q,n−q =

diag(ε1, . . . , εn) and Ĩ q,p = (−Iq 0
0 Ip

)
. Then the Cartan decomposition is U = K + P , where

K = o(n − q, q) × o(n − q, q) =
{(

X1 0
0 X2

) ∣∣∣∣∣X1,X2 ∈ o(n − q, q)

}

P =
{(

0 F

−JF tJ 0

) ∣∣∣∣∣F ∈ Mn×n

}
.

Here Mn×n is the set of n × n matrices. It is easy to see that

A =
{(

0 C

−JCtJ 0

) ∣∣∣∣∣C ∈ Mn×n, cij = 0 if i �= j

}

is a maximal Abelian subalgebra in P . Let

ai =
(

0 Ci

−JCt
i J 0

)
where Ci ∈ Mn×n is the matrix whose entries are all zero except the (i, i)th entry that is equal
to 1. Then a1, . . . , an form a basis of A and

P ∩ A⊥ =
{(

0 F

−JF tJ 0

) ∣∣∣∣∣F ∈ Mn×n, fii = 0, for 1 � i � n

}
.

The G
q,q
n−q,n−q-system, according to the terminology of [16], is the following PDE for

F = (fij ) : Rn → gl(n)∗ such that

θλ =
n∑

i=1

{
λ

(
0 Ci

−JCt
i J 0

)
+

(
JCiF

tJ − FCi
t 0

0 Ct
i F − JF tCiJ

)}
dxi (2.1)

is a family of flat connections on Rn for all λ ∈ C, i.e.

dθλ + θλ ∧ θλ = 0 (2.2)

where gl(n)∗ = {(xij ) ∈ gl(n)|xii = 0, 1 � i � n}. Hence there exists a smooth map
E : Rn × C → O(2n − 2q, 2q) such that E−1 dE = θλ,E(0, λ) = I and E is often called
the frame or trivialization of the flat connection θλ.
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The G
q,q
n−q,n−q -reality condition is


g(λ) = g(λ)

Ĩ n,ng(λ)Ĩ n,n = g(−λ)

g(λ)

(
J 0
0 J

)
g(λ)t =

(
J 0
0 J

)
.

(2.3)

Let g = (B 0
0 A

)
∈ O(n − q, q) × O(n − q, q) be a solution of g−1 dg = θ0 and

h = (In 0
0 A

)
. Make the gauge transformation of θλ by h,

�λ = h ∗ θλ = hθλh
−1 − dhh−1 =

n∑
i=1

{(
JCiF

tJ − FCi
t −JCiA

tJλ

ACt
i λ 0

)}
dxi (2.4)

which is also a family of flat connections on Rn for all λ ∈ C, i.e.,


εi(fij )xi
+ εj (fji)xj

+
∑n

k=1 εkfkifkj = 0 if i �= j,

(fij )xk
= fikfkj if i, j, k are distinct

(aij )xk
= aikfkj if j �= k

(2.5)

where A = (aij ), F = (fij ). Note that Eh−1 is the frame of �λ. We call (2.5) the G
q,q
n−q,n−q -II

system.

Example 2.1. Consider the case n = 2 and q = 1. By choosing

A =
(

cosh u
2 sinh u

2
sinh u

2 cosh u
2

)

where u is a differentiable function of x1, x2, the equation G
q,q
n−q,n−q -system II (2.5) reduces to

ux1x1 − ux2x2 = 0 which is the homogeneous wave equation. Hence G
q,q
n−q,n−q -system II (2.5)

may be regarded as the generalized wave equation associated with the non-compact symmetric
space G

q,q
n−q,n−q(q �= 0). In fact when q = 0, the Gn,n-system is the generalized wave equation

associated with the Riemannian symmetric space Gn,n in [5, 16] which has been studied by
many authors (see [6] for details).

Lemma 2.2. Let (A, F ) be a solution of the G
q,q
n−q,n−q -II system (2.5), then there exists an

O(2n − 2q, 2q)-valued g1 = (e1, . . . , e2n) such that g−1
1 dg1 = �λ|λ=1. If all entries of

the last row of A are nonzero then e2n defines a local isometric immersion of a flat time-
like n-submanifold in S2n−1

2q (1) with flat, non-degenerate normal bundle such that the two
fundamental forms are

I =
n∑

i=1

εia
2
ni dx2

i I I =
n∑

i=1

n−1∑
l=1

εkaniali dx2
i en+l (2.6)

where A = (aij ) and {x1, . . . , xn} are often called line of curvature coordinates.

Proof. Write �λ|λ=1 = (
�b

a

)
. Set

ωi = �2n
i ω

j

i = �i
j ωn+k

i = �i
n+k ωn+l

n+k = �n+k
n+l = 0

1 � i j � n 1 � k l � n − 1.

Since �λ|λ=1 = (
�b

a

)
is flat, we have dωi = ∑n

j=1 ωj ∧ωi
j . Since the last row of A are nonzero,

then
(
ω

j

i

)
nn

is the Levi-Civita connection 1-form for the metric
∑n

i=1 εi(ω
i)2. The rest
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follows from g−1
1 dg1 = �λ|λ=1 and the fundamental theorem of submanifolds in the pseudo-

Riemannian space [7]. �

Remark 2.3. Note that the converse is not true. In general, a flat time-like n-submanifold in
S2n−1

2q (1) has a flat and non-degenerate normal bundle which could not assure the existence of
the above line of curvature coordinates.

3. Loop group actions and BTs

In this section we assume that the flat time-like n-submanifolds in S2n−1
2q (1) have flat and

non-degenerate normal bundle, and admit the above line of curvature coordinates. We shall
show that a dressing action on the space of solutions of the G

q,q
n−q,n−q -system (2.2) gives rise

to BTs for flat time-like n-submanifolds in S2n−1
2q (1).

3.1. Loop group actions for G
q,q
n−q,n−q -system

Define a rational map with only a simple pole

Ks,β(λ) = 1

λ − is

(
sβ λIn

−λIn sJβtJ

)
(3.1)

where s ∈ R is a nonzero constant and β ∈ O(n − q, q). It is easily verified that
gs,β(λ) = λ−is√

λ2+s2
Ks,β satisfies the G

q,q
n−q,n−q-reality condition (2.3). We call Ks,β(λ) a simple

element of the G
q,q
n−q,n−q -system (2.2) according to the terminology of [14, 15]. By the

method of Terng and Uhlenbeck [15], one knows that if E is a frame of a solution F of the
G

q,q
n−q,n−q-system (2.2), then Ks,βE can be factored as ẼKs,β̃(x) for some functions Ẽ and

Ks,β̃(x).

Theorem 3.1. Let F be a solution of the G
q,q
n−q,n−q-system (2.2) and E a frame of F. Write

E(x,−is) = (η1 η2

η3 η4

)
with ηi ∈ gl(n) and set

β̃ = (iη4 − βη2)
−1(iβη1 + η3) Ẽ = Ks,βE(x, λ)K−1

s,β̃(x)
(λ). (3.2)

Then

(1) F̃ = Ks,β#F = JF tJ + sβ̃∗ is a solution of the G
q,q
n−q,n−q -system (2.2) and Ẽ is a frame

of F̃ , where β̃∗ is the matrix whose ijth entry is β̃ij for i �= j and is 0 for i = j .
(2) β̃ is a solution of{

dβ̃ = β̃(J δF tJ − Fδ) + (JF tδJ − δF )β̃ − sδ + sβ̃δβ̃

β̃tJ β̃ = J.
(3.3)

Proof. We first prove that Ẽ(x, λ) is holomorphic in λ ∈ C. By (3.2), one knows that Ẽ(x, λ)

is holomorphic for all λ ∈ C except at λ = ±is and has simple poles at is and −is. One only
needs to prove that the residues of Ẽ are zero at both is and −is. Note that

Res(Ẽ,−is) = is

2

(
β −iIn

iIn JβtJ

)(
η1 η2

η3 η4

) (
J β̃tJ iIn

−iIn β̃

)
.

Owing to (3.2) and β ∈ O(n − q, q), one gets Res(Ẽ,−is) = 0. By using the reality
condition E(x,−is) = E(x, is), similarly one may show that Res(Ẽ, is) = 0. Hence Ẽ(x, λ)

is holomorphic in λ ∈ C. Let θ̃ λ = Ẽ−1 dẼ, then θ̃ λ is holomorphic for λ ∈ C. By using
θλ = E−1 dE and Ẽ = Ks,βE(x, λ)K−1

s,β̃(x)
(λ), one gets Ks,β θ̃λ = Ks,β̃θλ −dKs,β̃ . Comparing
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the coefficient of λj (j = 0, 1, 2), then one gets (1) and (2). This completes the proof of the
theorem. �

Note that (3.3) is the BT of the G
q,q
n−q,n−q-system (2.2). Hence one has

Corollary 3.2. Let F be a solution of the G
q,q
n−q,n−q -system (2.2) and E a frame of F. Then

the system (3.3) is solvable for β̃. Moreover if β̃ is a solution of (3.3) with initial condition
β̃(0) = β, then F̃ = JF tJ + sβ̃∗ is a solution of the G

q,q
n−q,n−q -system (2.2).

In order to get the permutability formula for the G
q,q
n−q,n−q -system (2.2), one may consider

the relation among simple elements.

Theorem 3.3. Let s1 �= s2 ∈ R be nonzero constants and β1, β2 ∈ O(n − q, q) constant
matrices. Set

α1 = (
s1In − s2Jβt

2β1
)
(s1β1 − s2β2)

−1 α2 = (
s2In − s1Jβt

1β2
)
(s2β2 − s1β1)

−1.

(3.4)

If (i) φ = s1β1 − s2β2 is non-singular; (ii) βt
1Jβ2 �= s2

s1
J and βt

2Jβ1 �= s1
s2

J . Then

(1) Ks1,α1 ◦ Ks2,β2 = Ks2,α2 ◦ Ks1,β1 , where α1, α2 ∈ O(n − q, q);
(2) If Ks1,α1 ◦ Ks2,β2 = Ks2,α2 ◦ Ks1,β1 , then β1, β2 and α1, α2 are related as in (3.4).

Proof. It is easily verified that Jα−1
i = αt

i J , hence αi ∈ O(n − q, q) for i = 1, 2. Note that
Ks1,α1 ◦ Ks2,β2 = Ks2,α2 ◦ Ks1,β1 is equivalent to(

s1α1 λIn

−λIn s1Jαt
1J

) (
s2β2 λIn

−λIn s2Jβt
2J

)
=

(
s2α2 λIn

−λIn s2Jαt
2J

)(
s1β1 λIn

−λIn s1Jβt
1J

)
that is,

α1β2 = α2β1 s1α1 + s2Jβt
2J = s2α2 + s1Jβt

1J

β2α1 = β1α2 s2β2 + s1Jαt
1J = s1β1 + s2Jαt

2J.

By using (i), (ii) and (3.4), one knows that the theorem holds. �

As a consequence of the theorem, one obtains the permutability formula.

Corollary 3.4. Let si , βi, αi for i = 1, 2 as in theorem 3.3, F be a solution of the G
q,q
n−q,n−q-

system (2.2) and Fi = Ksi,βi
#F = JF tJ + si β̃i∗ for i = 1, 2 as given in theorem 3.1. Then

the permutability formula is

F3 = (
Ks1,α1 ◦ Ks2,β2

)
#F = JF tJ + s1α̃1∗ + s2β̃2∗

(3.5)
= (

Ks2,α2 ◦ Ks1,β1

)
#F = JF tJ + s2α̃2∗ + s1β̃1∗.

3.2. BTs for flat time-like n-submanifolds in S2n−1
2q (1)

Firstly we give a geometric definition on the BT for flat time-like n-submanifolds in S2n−1
2q (1).

Definition 3.5. Let M and M̃ be time-like submanifolds in S2n−1
2q (1) with flat, non-degenerate

normal bundles. A diffeomorphism L : M → M̃ is a BT with constant ρ if there exist local
pseudo-orthonormal O(2n-2q, 2q)-frames {e2n, eA} and {ẽ2n, ẽA} of M and M̃ , respectively,
such that

(1) e2n and ẽ2n are time-like immersions in S2n−1
2q (1);
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(2) {eα} and {ẽα} are parallel normal frames for M and M̃ , respectively;

(3) (ẽ1, . . . , ẽ2n) = (e1, . . . , e2n)
(cos ρIn − sin ρIn

sin ρIn cos ρIn

)
for all x ∈ M .

By lemma 2.2, one knows that solutions of the G
q,q
n−q,n−q -II system correspond to flat

time-like n-submanifolds with flat, non-degenerate normal bundle in S2n−1
2q (1). Note that

the G
q,q
n−q,n−q -II system (2.5) is gauge equivalent to the G

q,q
n−q,n−q-system (2.2). Hence the

immersion f has a Lax pair

E−1 dE = θλ =
(

J δF tJ − Fδ δλ

−J δJλ δF − JF tδJ

)
(3.6)

where δ = diag(dx1, . . . , dxn). Hence theorems 3.1, 3.3 and corollary 3.4 give a method of
constructing a new flat time-like n-submanifold in S2n−1

2q (1) from a given one. Geometrically
this gives the geometric transformation which is the BT defined by definition 3.5, and the
analogue of classical Bianchi theorem (see theorem 3.6 and corollary 3.7).

Theorem 3.6. Let F,E,Ks,β , β̃, Ẽ, F̃ as in theorem 3.1. Write

E(x, 0) =
(

B(x) 0
0 A(x)

)
Ẽ(x, 0) =

(
B̃(x) 0

0 Ã(x)

)
. (3.7)

Let

N(x) = EII (x, 1) = E(x, 1)

(
In 0
0 A−1(x)

)

Ñ(x) = g−1
s,β (1)Ẽ(x, 1)

(
In 0
0 (Aβ̃)−1(x)

)
= N(x)

(
cos ρJ β̃tJ − sin ρ(Aβ̃)−1

sin ρA cos ρIn

) (3.8)

where ρ = arctan 1
s
. Let ei and ẽi for 1 � i � 2n denote the ith column of N(x) and Ñ(x),

respectively. Then L : e2n(x) → ẽ2n(x) is the BT for flat time-like n-submanifolds with
constant ρ defined by definition 3.5.

Proof. Since β ∈ O(n − q, q) is a constant matrix,
(Jβt J 0

0 β

)
Ẽ(x, 0) is also a frame of

the flat connection θ̃λ as in the form of (2.1) for F̃ at λ = 0. By using (2.4), (3.8) and
theorem 3.1, one may know (A, F ) and (Ã, F̃ ) are solutions of the G

q,q
n−q,n−q -II system (2.5)

and N, Ñ are the corresponding frames at λ = 1, respectively. It follows from lemma 2.1 that
e2n, ẽ2n are flat time-like n-submanifolds with flat, non-degenerate normal bundle in S2n−1

2q (1).
{en+1, . . . , e2n−1} and {ẽn+1, . . . , ẽ2n−1} are parallel normal frames for e2n and ẽ2n, respectively.
Let

NA = N

(
(Aβ̃)−1 0

0 In

)
ÑA = Ñ

(
A−1 0

0 In

)

then we have

ÑA = N

(
cos ρJ β̃tJ −sin ρ(Aβ̃)−1

sin ρA cos ρIn

)(
A−1 0

0 In

)
= NA

(
cos ρIn −sin ρIn

sin ρIn cos ρIn

)
. (3.9)

The last n column vectors of N and NA, Ñ and ÑA are the same and they are normal frames.
Geometrically, (3.9) is the BT as in definition 3.5. �

Using theorem 3.6 and corollary 3.4, one gets the following analogue of the Bianchi
permutability formula.
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Corollary 3.7. Let Li : M → Mi be BTs for flat time-like n-submanifolds with flat, non-
degenerate normal bundle in S2n−1

2q (1) corresponding to the solution of Ksi,βi
for i = 1, 2. If

s1 �= s2 ∈ R are nonzero constants, β1, β2 ∈ O(n − q, q) constant matrices and s1β1 − s2β2

is non-singular, βt
1Jβ2 �= s2

s1
J and βt

2Jβ1 �= s1
s2

J . Then there exists a unique flat time-like

n-submanifold M3 with flat, non-degenerate normal bundle in S2n−1
2q (1) and BTs L̃1 : M2 →

M3, L̃2 : M1 → M3 such that L̃1 ◦ L2 = L̃2 ◦ L1.

Finally we apply theorems 3.1 and 3.6 to construct an explicit immersion of flat time-like
n-submanifold in S2n−1

2q with flat and non-degenerate normal bundle.

Example 3.8. Choose the vacuum solution F = 0. The corresponding flat connection θλ of
G

q,q
n−q,n−q-system (2.1) is

E−1 dE = θλ =
(

0 δλ

−J δJλ 0

)
E(0, λ) = I2n. (3.10)

Hence one may get

E(x, λ) =
(

E11(x, λ) E12(x, λ)

E21(x, λ) E22(x, λ)

)
where

E11(x, λ) = E22(x, λ) = diag(cos(λx1), . . . , cos(λxn))
(3.11)

E12(x, λ) = −E21(x, λ) = diag(sin(λx1), . . . , sin(λxn)).

By using (3.2), one obtains β̃ = (iη4 − βη2)
−1(iβη1 + η3), where

η1 = η4 = diag(cosh(sx1), . . . , cosh(sxn))
(3.12)

η3 = −η2 = diag(i sinh(sx1), . . . , i sinh(sxn)).

Note that E(x, 0) = I2n, hence A = In. It follows from (3.8) that

N(x) = E(x, 1)

(
cos ρJ β̃tJ −sin ρJ β̃tJ

sin ρIn cos ρIn

)
(3.13)

where E(x, 1) and β̃ are as in (3.11) and (3.12), respectively. According to lemma 2.2 and
theorem 3.6, one knows that the last volume of (3.13) gives the flat time-like manifold in
S2n−1

2q .
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[3] Tenenblat K and Terng C-L 1980 Bäcklund’s theorem for n-dimensional submanifolds in R2n−1 Ann. Math. 111
477–90

[4] Terng C-L 1980 A higher dimension generalization of the sine-Gordon equation and its soliton theory Ann.
Math. 111 491–510
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[11] Zuo D, Chen Q and Cheng Y 2002 Bäcklund theorems in 3-dimensional de Sitter space and anti-de Sitter space

to appear in J. Geom. Phys. 44 277
[12] Hu H S 1999 Darboux transformations between α = sin α and α = sinh α and the application to pseudo-

spherical congruence Lett. Math. Phys. 2 187–95
[13] Chen Q, Zuo D and Cheng Y 2002 Isometric immersions of indefinite space forms Preprint USTC
[14] Uhlenbeck K 1989 Harmonic maps into Lie groups (classical solutions of the chiral model) J. Diff. Geom. 30

1–50
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